In this paper, the multiple operating room (OR) surgical case sequencing problem (SCSP) is addressed. The objective is to maximise total OR utilisation during standard opening hours. The work here is based on a case study of a large Australian public hospital with long surgical waiting lists and high levels of non-elective demand. Due to the complexity of the SCSP and the size of the instances considered herein, heuristic techniques are required to solve the problem. Constructive heuristics are presented based on both a modified block scheduling policy and an open scheduling policy. A number of real-time reactive strategies are presented that can be used to maintain schedule feasibility in the case of disruptions. Results of computational experiments show that the approach presented in this paper can be used to maintain schedule feasibility in real-time, whilst increasing OT utilisation and throughput, and reducing the waiting time of non-elective patients. The framework presented here is applicable to the real-life scheduling of OT departments, and recommendations have been provided regarding implementation of the approach.
Introduction
The surgical department is a highly uncertain environment. Although robust surgical schedules can be produced to reduce the likelihood of disruption, strategies must be developed to reschedule in the case that schedule deviations occur. These deviations include changes to staff availability (sick days, late arrivals), surgical durations, non-elective arrivals, and patient, staff and OR based cancellations.
The approach presented in this paper can be used to sequence patients, and assign expected start and end times to their surgery. A qualified surgeon is allocated to each patient's surgery, while respecting surgeon availability. Whilst a single objective is considered explicitly, multiple performance measures are observed, in-line with hospital priorities (c.f. Cardoen et al. (2010) ). The main objective is to maximise total utilised time during standard operating theatre 2 (OT) opening hours; however, total surgeon overtime, the average patient waiting time, and the number of additional elective patients scheduled are also noted. This makes the model a useful scheduling tool for administrative staff members as they can investigate schedules produced prioritising staff, resources, and patients, or various combinations of each.
Two constructive heuristics are presented, based on an open scheduling policy and a block scheduling policy. A number of simple heuristics are implemented and the solution is compared in terms of each of the objectives presented. Thus, recommendations can be made to hospital administrative staff members regarding ad-hoc changes to surgical schedules.
The layout of the paper is as follows. Relevant OT planning and scheduling literature is reviewed in Section 2. The incorporation of stochasticity to create robust and reactive scheduling techniques is also discussed. A summary of the surgical department at the case study hospital is presented in Section 3, including an overview of data and parameters (cf. Section 3.1). A mixed integer programming (MIP) formulation of the real-time reactive SCSP is provided in Section 4, based on the aforementioned case study. The solution methodology is presented in Section 5. In particular, as the SCSP is NP-hard (Cardoen et al. 2009 ) we present two constructive heuristics, and a set of real-time reactive rescheduling strategies.
Computational results and discussion are provided in Section 6, whilst conclusions and future work are presented in Section 8.
Literature Review
The administrative practices of surgical departments can have a large impact on hospital costs, patient outcomes, and the overall efficiency of a hospital. As such, a large number of papers exist which investigate and analyse some of the most significant issues in OT planning and scheduling. For a thorough review of the existing literature see Ferrand et al. (2014) , Van Riet and Demeulemeester (2015) , or Samudra et al. (2016) . OT planning and scheduling problems can exist at the strategic, tactical, or operational levels.
The day-to-day planning and scheduling of the OT is addressed at the operational level of OT planning and scheduling problems. These problems are the surgical case assignment problem (SCAP) and the SCSP. The SCAP is used to assign patients to OR days or blocks, whereas the SCSP is solved to sequence patients within days or blocks. Whilst, due to computational complexity, the SCAP and SCSP are often treated separately, more recently the problems have been tackled simultaneously through an integrated approach (Molina-Pariente et al. 2015) .
One of the most significant challenges in OT planning and scheduling is the incorporation of stochasticity to ensure that schedules are either robust or reactive in the face of uncertainty.
Uncertainty in the surgical department includes (but is not limited to) patient arrival times, surgical durations, non-elective arrivals, cancellations, staff absence, and OR breakdowns.
Deterministic scheduling approaches can become infeasible when faced with even small amounts of schedule deviation, as such, stochastic approaches are necessary.
Robust optimisation approaches include the explicit inclusion of probability distributions in models (e.g. Stuart and Kozan (2012) ), cardinality constrained (e.g. Tang and Wang (2015) ), and chance constrained approaches (e.g. Jebali and Diabat (2017) ). Bruni et al. (2015) apply dynamic scheduling to a multi-OR environment. Whilst robust scheduling strategies can mitigate risks associated with realistic surgical environments, they should be used in conjunction with reactive strategies to improve OT performance. Reactive strategies are more often studied from a machine scheduling perspective. Stuart and Kozan (2012) consider the reactive scheduling of the OT. The authors formulate the SCSP as a single-machine scheduling problem. The authors consider sequence dependent processing times, due dates, and a lognormal approximation of surgical durations. A binpacking approach is used to maximise the weighted number of on-time surgeries, considering both elective and non-elective patients. Duma and Aringhieri (2015) are the first to present a real time management model for ORs.
The authors present a hybrid simulation and optimisation model for the real time management of ORs, considering stochastic deviations in surgical duration. The authors react to these disruptions by using overtime, cancelling patients, or changing the sequence of remaining patients. The authors found that the use of a real time management system increased the number of patients that received their surgery before their surgical due date. Heydari and Soudi (2016) extend the work of Bruni et al. (2015) to consider both the assignment and sequencing of surgeries under uncertainty. The authors also consider the impact of the schedule on the OT and post anaesthesia care unit (PACU). Whilst Heydari and Soudi (2016) do consider the predictive-reactive rescheduling of multiple ORs, the authors assume that the ORs are identical and patients are all of the same specialty. No consideration is given to the assignment of surgical staff. Xiao et al. (2017) present adaptive models and solution methodology for single OR scheduling problems. The authors show that adaptive policies can be used to improve schedules over non-adaptive policies. More recently, Duma and Aringhieri (2018) consider the real-time management of ORs with consideration of both elective and non-elective patients. The authors implement reaction strategies including the resequencing of surgeries and the assignment of overtime.
The approach presented in this paper is innovative in a number of ways. Firstly, very few authors consider the real-time reactive rescheduling of multiple ORs (Duma and Aringhieri 2018; Heydari and Soudi 2016) . Of the authors that do consider the multi-OR reactive rescheduling problem, none consider non-identical ORs. Here, it is assumed that ORs are nonidentical, such that they are suited to certain specialties, but not others. Additionally, the allocation of surgeons to each surgery is considered under surgeon availability and suitability constraints. As such, we do not treat surgeons or ORs as pooled resources, rather individual entities.
In this paper, we provide an interactive OT planning and scheduling methodology which is suited for real-life implementation. This interactive methodology requires analysis of historical data to determine suitable model parameters and assumptions. Following this, the MSS and SCA must be produced and used as input to the SCSP. Through the real-time reactive rescheduling framework presented here, the SCSs can be implemented and rescheduled as necessary to maintain feasibility. A feedback loop between the SCS and SCA is recommended to improve the quality of schedules produced.
Throughout the literature, no consideration is given to scheduling additional elective patients where surgical capacity exceeds pre-scheduled demand or patient cancellations occur.
Additional elective patients are able to be scheduled where appropriate surgeons are available and time-to-surgery is sufficient to allow for transport to the hospital and surgical preparation. This is in-line with the short-notice scheduling of certain patients at the case study hospital.
Case Study
The work presented in this paper is based on a case study of a large Australian public hospital.
Over 20,000 surgeries are performed each year, of which around 30% are non-elective patients.
Around 360 elective surgery requests are made each week. When an elective patient is placed on the waiting list, they are assigned to one of three urgency categories based on the timeframe within which they should receive their surgery: 30, 90, and 360 days for categories one, two, and three respectively.
Over 110 non-elective surgery requests are made each week. These patients must be treated as soon as possible by an appropriate surgeon. Whilst non-elective surgeries can be performed on any day, elective surgeries can only be performed on weekdays.
At present, the hospital uses a four-week, rotating, Master Surgical Schedule (MSS) under a modified block scheduling policy, whereby surgeons or surgical specialties are (flexibly) assigned to blocks of OR time. The hospital currently has a ten hour working day and does not allow the sharing of OR blocks between specialties. The hospital reserves OR blocks throughout the week for non-elective surgery. The selection of patients to be treated is performed weekly and updated frequently to reflect cancellations.
Hospital administrative staff members use general intuition to reschedule surgeries in the event of schedule disruptions. At present, there does not exist a rescheduling policy for maintaining feasibility in real-time. The work in this paper can be used to improve the current reactive scheduling techniques used by administrative staff and improve the utilisation of the OT, without increasing staff overtime.
Data and Parameters
The data used for computational experiments is based on a case study of a large Australian In order to test the model and solution techniques, data is required regarding the waiting list, elective surgery requests, non-elective arrivals, surgical durations, and various cancellations.
This historical case study data is available in various forms; however not only is this data confidential, but more information is required when reactively rescheduling the surgical department.
In this section, the data required to simulate the hospital environment is summarised. To test the approach presented in Section 5, a waiting list, elective requests, non-elective requests, and cancellations are required. Six problem instances were generated using historical data to test computational performance (Spratt and Kozan 2018) .
In generating the waiting lists, the number of patients on the waiting list is determined using a Poisson random variable, in-line with historical data. A thinned Poisson process is used to generate the number of patients for every surgeon-specialty-category combination, based on historical averages. Each patient is assigned a surgical duration found by sampling from a lognormal distribution with parameters that vary by surgical specialty. The historical surgical durations are well suited to a lognormal distribution, and were used to determine appropriate parameters. The number of days a patient has been waiting is generated using linear regression based models. These models vary by pre-assigned patient urgency category and consider the impact of a preferred maximum days waiting (as defined in government initiatives to reduce elective surgery waiting time). The parameters to these models were determined through analysis of the historical waiting lists.
Both elective and non-elective surgery requests are generated according to a Poisson process with arrival rate dependent on specialty. Surgical duration is sampled from a lognormal distribution with parameters dependent on surgical specialty. Note that the lognormal duration parameters differ for elective and non-elective patients, and both were determined through analysis of historical data.
In addition to initial waiting lists and surgical requests, it is necessary to include a set of realistic disruptions. Patient based, staff based, and OR based cancellations are considered. It is determined that patients cancel independently of each other and each patient has the same probability of cancelling. Only patient cancellations that occur on the day of surgery are considered. Each OR has a probability of breaking down on each day and OR breakdowns are independent. When an OR breaks down, the OR is unavailable for the entire day.
Model Formulation
Based on a case study of the surgical department at a large Australian public hospital (cf.
Section 3), the real-time reactive SCSP is formulated using a MIP approach. Note that it is possible to reduce the number of decision variables and constraints by incorporating a nonlinear approach. ߣ: the number of hours that each OR is open for during a standard working day. ߣ * : the number of hours in a day.
Scalar Parameters

Index Sets
‫ܪ‬ ∶ the set of surgeons that practice at the hospital. ‫ܪ‬ = {1, … , ‫ܪ‬ ഥ } ܲ ௌ : the set of patients that are scheduled for the day.
ܲ : the set of patients on the waiting list, that are not included in the current schedule.
ܲ ே : the non-elective patients to be scheduled for the day. 
Vector Parameters
ߙ : the notice (in hours) a patient must receive before surgery, ‫∀‬ ∈ ܲ . ‫ܤ‬ : 1 if OR ‫ݎ‬ is working on the day, 0 otherwise, ‫ݎ∀‬ ∈ ܴ.
‫ܧ‬ : 1 if patient ‫‬ can be treated by surgeon ℎ, 0 otherwise, ‫∀‬ ∈ ܲ, ℎ ∈ ‫.ܪ‬ ‫ܫ‬ ௦ : 1 if patient ‫‬ is treated by specialty ‫,ݏ‬ 0 otherwise, ‫∀‬ ∈ ܲ, ‫ݏ‬ ∈ ܵ.
ܳ : 1 if surgeon ℎ is using OR ‫ݎ‬ at the schedule start time, 0 otherwise, ∀ℎ ∈ ‫,ܪ‬ ‫ݎ‬ ∈ ܴ. ܶ ௦ : 1 if OR ‫ݎ‬ is equipped for surgeries by specialty ‫,ݏ‬ ‫ݎ∀‬ ∈ ܴ, ‫ݏ‬ ∈ ܵ.
Decision Variables
‫ܯ‬ : 1 if patient ‫'ݍ‬s surgery starts during patient ‫'‬s surgery, 0 otherwise, ‫,∀‬ ‫ݍ‬ ∈ ܲ.
ܷ : 1 if patient ‫'ݍ‬s surgery starts after patient ‫'‬s sugery starts, 0 otherwise, ‫,∀‬ ‫ݍ‬ ∈ ܲ. Γ : 1 if patients ‫‬ and ‫ݍ‬ are treated in the same OR, or by the same surgeon, and patient ‫ݍ‬ is
Objective Function
The objective of the model is to maximise total OR use during open hours. Opening hours are 8am through 8pm. It is possible to linearise this objective function through inclusion of additional decision variables, however as heuristic and metaheuristic approaches are implemented here and the model is for illustration purposes only, we present this succinct version.
Minimise
߳ ൫max൫8, min൫ܼ − ܸ ା , 18൯൯ − min൫18, max൫ܼ * + ܸ ି , 8൯൯൯ ∈ (1)
Constraints
In this subsection we present the constraints required to produce a well-defined SCS.
Constraint (2) ensures that patients are scheduled throughout the day. For a patient to be treated, they must be immediately before another patient, or the last patient in a theatre. The use of decision variable ߳ allows previously unscheduled patients to be added to the schedule, and ensures that all scheduled and non-elective patients are definitely treated.
Constraint (3) ensures that surgeries are only scheduled in an OR where the OR is working.
First patient in OR ‫'ݎ‬s schedule cannot start before OR ‫ݎ‬ is released.
Patients cannot be treated until their surgeon has been released. This is either when the surgeon's previous surgery ends, when their shift starts, or when they are able to get to the OR in emergencies.
Constraints (6) and (7) determine whether patient ‫ݍ‬ ends on or after the time patient ‫‬ starts.
Constraints (8) and (9) determine whether the treatment of patients overlaps. Although this could be done with a single constraint, that constraint would be nonlinear.
The following constraints determine if two patients are treated by the same surgeon.
The following constraints determine if two patients are treated in the same OR.
The following constraints determine if two patients are treated in the same OR, or by the same surgeon. The value of Γ is only one where patient ‫ݍ‬ is treated after patient ‫.‬
Each surgeon must not be assigned to treat more than one patient at a time.
If two patients' surgeries overlap, then they must not be treated in the same OR.
Constraint (19) is used to calculate the expected finish time of each surgery.
If two patients are treated by the same surgeon, or in the same OR, then they require cleanup/setup time between surgeries.
An OR can only be used for a surgery if the patient is treated by a specialty for which the OR is equipped.
A patient can only be treated by a qualified surgeon.
If a patient is scheduled, then the patient must be assigned to exactly one surgeon.
Patients may not start surgery until at least the schedule start time. This may be prior to standard OT opening hours.
Constraint (25) ensures that previously scheduled patients and non-elective patients are definitely included in the schedule. Previously unscheduled patients can be added to the schedule, but it is not necessary for them to be treated on this day.
Previously unscheduled patients who are added to the schedule on the day of surgery must be given a certain amount of notice.
Whilst restrictions should not be placed on non-elective patients, add-elective patients should not be scheduled such that the surgery results in expected overtime.
Constraints (28) and (29) ensure the non-negativity of decision variables. Note that it is possible for ܼ and ܼ * to be negative, this would indicate a scheduled start time before 8am.
ߛ ≥ 0, ∀ℎ ∈ ‫ܪ‬ (29)
Solution Methodology
Given the highly uncertain OT environment, schedule disruptions occur frequently. This necessitates the introduction of a reactive rescheduling framework. Each time a disruption occurs, it is necessary to update the data and modify the schedule in order to maintain feasibility. Whilst the model presented in Section 4 could be solved in order to provide the optimal schedule, the SCSP is NP-hard (Cardoen et al. 2009 ). As such, the problem is too computationally expensive to solve to optimality given the size of the case study instances.
This necessitates the use of heuristic techniques such that good feasible solutions can be generated in short amounts of time (less than one second).
In this section, a framework for reactive rescheduling of the SCSP is presented. The main decisions required when reactively rescheduling the OT are decisions regarding schedule frequency and reaction procedure.
Reactive scheduling frequency is typically classified as periodic, adaptive, or continuous.
When rescheduling occurs after fixed or variable time periods, this is known as periodic scheduling. Scheduling that occurs after a predetermined amount of schedule deviation is adaptive scheduling. Continuous rescheduling is the strategy whereby rescheduling occurs after a set number of random events.
Many different actions can be used when rescheduling, the extreme responses however are those in which either rescheduling of all remaining jobs occurs or no response is taken and the system must repair itself. A compromise between these two extremes occurs when the scheduler repairs the system using small schedule changes to ensure feasibility is maintained. Here, the entire set of previously scheduled elective and all known non-elective patients are scheduled. There is potential for the day's schedule to be updated to include previously unscheduled elective patients where sufficient capacity exists and enough notice is provided to the patient. The scheduling methodology is presented in Figure 1 .
All forms of schedule frequency are investigated, which in the case of periodic and adaptive frequencies may often lead to a do-nothing reaction to schedule deviations. Within periodic and adaptive frequencies, appropriate levels of responsiveness are determined.
Creating Feasible Schedules
In order for solutions to the reactive SCSP to be implementable in real-time, it is necessary for solutions to be created within seconds. Here, two constructive heuristics are presented for use on the reactive SCSP. The first constructive heuristic is based on the use of a modified block scheduling policy. The second constructive heuristic is based on an open scheduling policy. In each case, it is assumed that the combined MSS-SCA has been solved and the elective patients that must be treated throughout the day are known (cf. Spratt and Kozan (2016)).
Modified Block Scheduling Constructive Heuristic
This constructive heuristic ensures that the SCA provided by solving a MSS-SCA model is respected as much as possible, before using empty OR blocks to schedule non-elective surgeries. The SCSs generated by the heuristic are in line with a modified block scheduling strategy. The pseudocode for the modified block scheduling heuristic is presented in Algorithm 1.
Algorithm 1 begins by iterating over the set of working ORs, in ascending order. The predefined MSS-SCA is used to determine the patients that must be treated in the OR. These patients are sorted such that they are treated in order of recommended surgical due date (found by considering both the date of initial surgical request and the patient's urgency category).
Each patient is appended to the OR's schedule in the earliest possible position, by considering any surgeries being performed by the required surgeon, or in progress in the OR. In some cases, ORs will not be available for use due to equipment failure or other unforeseen events. For each of the unavailable ORs on a given day, patients who are scheduled for treatment in that OR are redefined as urgent non-elective patients. In doing so, these surgeries are not required to follow the predefined MSS-SCA which is now infeasible due to OR unavailability. Now that all elective patients have either been scheduled or redefined as urgent nonelective patients, the heuristic must assign both surgeons and ORs to all non-elective patients.
The predefined MSS-SCA reserves capacity for non-elective patients according to average demand, in an overtime averse manner. The set of specialties that have non-elective patients waiting for surgery are iterated over. Waiting patients are assigned to an OR in the set of ORs reserved for that specialty. In each case, the patient is appended to the schedule with a suitable surgeon in the earliest possible position. When a patient is assigned an OR and a start time they are removed from the set of waiting patients. The process is repeated for each specialty until all reserved ORs are used, or there are no non-elective patients of that specialty waiting for surgery. Any patients that remain are assigned to a suitable OR with an appropriate surgeon.
The OR and surgeon assigned to the surgery are selected such that patient waiting time is minimised.
Open Scheduling Constructive Heuristic
The constructive heuristic presented here uses the solution to the MSS-SCA problem ( 
Real-Time Reaction Strategies
In this subsection, the reactive strategies used for scheduling under uncertainty are discussed. Different strategies are suited to different disruption types. Furthermore, strategies can be split again by reaction type: do-nothing (R0), repair (R1), and reschedule (R2). Given that the R2 strategy is always to reschedule all remaining jobs, and the do-nothing (R0) strategy is applicable to all but D2 and D4, only the repair strategies are described in Algorithm 3. All disruption-reaction strategies are presented in Algorithm 3. For each disruption type, reactions are selected according to a probability mass function determined through parameter tuning. Whilst some reactions must be considered separately, many can be performed by updating the schedule to remove the patients that must be rescheduled and creating a new feasible scheduling using the modified block-scheduling constructive heuristic presented in Algorithm 1. When a repair strategy (R1, R1a, or R1b) is used that requires minor rescheduling, or when the reschedule strategy is used, an open scheduling policy is used through the constructive heuristic presented in Algorithm 2.
Update Frequency
There are three main strategies for the frequency of updates when reactively rescheduling.
These are periodic, adaptive, or continuous.
Periodic Update
Periodic updates are updates that occur after set periods of time. 
Adaptive Update
Adaptive updates occur when some schedule variation exceeds a predetermined threshold. This variation could be adjusted based on disruption type. For example, perhaps the schedule would not be updated until three non-elective patients have arrived, rather than after every arrival.
Updates UA1 through UA7 are aligned to disruption types D1 through D7. The adaptive updates considered are defined in Algorithm 5.
Algorithm 5: Adaptive Update Frequency. UA1. Update whenever three or more non-elective patients are waiting to be scheduled. UA2. Update whenever an OR breaks down. UA3. Update whenever a surgery runs under-time by more than 0.5 hours. UA4. Update whenever a surgery runs over-time. UA5. Update whenever a patient is cancelled.
Based on the above adaptive updates, it can be seen that UA2, UA4, and UA5 are continuous updates in response to disruptions D2, D4, and D5 respectively. Whilst it is possible to implement any subset of these adaptive updates, only the union of all update frequencies is considered. That is, an update occurs whenever UA1 through UA5 is triggered, and this strategy is denoted UA.
Continuous Update
Continuous updates ensure that a reaction takes place whenever a schedule disruption occurs.
As disruptions D6 and D7 are responses to disruption types D1 through D5, only disruptions D1 through D5 are considered when performing continuous updates. Although it is possible to consider any subset disruptions (as long as D2 and D4 are continuously updated), reactions occur in response to all disruptions of type D1 to D5. This continuous update strategy is denoted UC.
Results and Discussion
To verify the real-time reactive SCSP model (Section 4) and the proposed solution methodology (Section 5), computational experiments are performed using datasets based on historical data. The reactive strategies presented in Section 5.2 are compared by running the solution techniques in response to various data realisations and model parameters. In Section 6.1, parameter tuning is performed on a realistic calibration instance to determine the best disruption-reaction probabilities. Following thorough parameter tuning, computational experiments are performed on additional test instances in Section 6.2. 
Instance
Length of Waiting List
Elective Arrivals
Non-elective Arrivals
Weekday OR Breakdowns  0  2802  358  120  1  1  2759  389  84  0  2  2802  352  101  0  3  2780  395  100  1  4  2744  369  106  2  5  2780  373  112  0 The test instances considered are based on historical data obtained from the case study hospital (cf. Section 3.1). Table 1 contains a summary of the calibration instance (instance zero) and the five test instances used in computational experiments.
Parameter Tuning
The parameter tuning methodology for determining the best disruption-reaction probabilities in the real-time reaction strategies is based on Hybridised SA-RVNS (Spratt and Kozan 2016) . Parameter tuning was performed separately for each update frequency using an iterative approach.
Initially, reaction probabilities are set to a do-nothing approach, the first disruption type (D1) is considered, and the best utilisation is set to zero. The metaheuristic is run ݊ times and the average utilisation is obtained. If the average utilisation is not the best so far, return to the best performing reaction probabilities and move to the next disruption type. If the reaction probabilities have resulted in the best average utilisation, update the best solution values.
Randomly perturb the reaction probabilities for the selected disruption type and re-run the realtime reaction strategy. This approach was repeated until the average quality of solutions (in terms of total OR utilisation) converged. In this instance, 100 iterations were sufficient. The reaction probabilities provided to the model are used to determine the likelihood of a particular reaction (do nothing, repair, or react) to a particular disruption (D1 to D7). The best performing disruption-reaction probability combinations are provided in Table 2 . Table 3 includes the total OR utilisation over the week, total runtime across a week, the average number of schedule updates that occurred throughout the week, and the average runtime per update. The total time displayed does not include the time required to run the Hybridised SA-RVNS metaheuristic (Spratt and Kozan 2016) to generate the solution to the combined MSS-SCA problem. This is as the MSS-SCA must be created only once per week.
The average number of schedules required throughout the week is also shown in Table 3 . This number varies based on update strategy and data realisations.
An upper bound on weekday utilisation is calculated assuming that the ORs are in use 100% of standard opening hours (when the OR is not broken down). Ideal total weekday (open) OR utilisation (hours) is between 70% and 80% utilisation in working ORs on weekdays. This range is based on interviews with key staff members at the case study hospital. Thus, the ideal weekday utilisation range for the calibration instance is between 728 and 832 hours. Table 3 shows that the total OR utilisation during standard weekday OT opening hours falls within the ideal 70% to 80% level. Whilst the use of continuous update frequency produced the highest weekday utilisation, it required the most updates of the six update frequencies considered. Continuous updates (UC) and periodic updates every fifteen minutes (UP1) also performed well.
Each individual update was relatively computationally inexpensive, and as such, it would be reasonable to implement the reaction strategies in real-time. The best disruption-reaction probabilities are used when performing computational experiments in Section 6.2.
Computational Performance on Additional Instances
In this subsection, computational experiments are performed on a number of test instances (Table 1 ) generated through analysis of historical data (Spratt and Kozan 2018) .
The computational experiments were run using MATLAB ® R2017b on a desktop computer with an Intel ® Core TM i7 processor at 3.40 GHz with 16.0 GB of RAM. When performing timing, the algorithm was run ten times for each update type and the average total weekly runtime, and average runtime per schedule update is shown in Table 4 . The average utilisation is found by running the metaheuristic 100 times on the university's HPC facility.
In Table 4 , the best result of each objective is shown in bold. Both 95% confidence intervals and two-sample t-tests were used to determine whether update types had a significant impact on the results. Where multiple results in the same instance are bolded, two-sample t-tests indicated insufficient evidence ‫(‬ > 0.05) of a significant difference in means.
It can be seen that, unlike the calibration instance, a continuous update frequency is no longer the best strategy in terms of maximising OR utilisation (during standard weekday opening hours). In the five test instances considered, the best update strategy (in terms of standard weekday utilisation) alternates between an adaptive frequency (UA), and a periodic frequency according to which updates occur every fifteen minutes (UP1). In instance one, a two-sample t-test indicates that there is insufficient evidence ‫(‬ ≈ 0.62) of a difference in mean weekday utilisation between UA and UP1. 
Implementation Recommendations
The methodology presented in this paper is suitable for real-life implementation. An interactive implementation of the real-time reactive SCSP approach should be used. Initially, a MSS-SCA should be determined, assigning patients, surgeons, and specialties to OR blocks. This can then be used to assist in staff rostering and the allocation of human resources. At the beginning of each day, the SCSP should be solved to provide an initial schedule. Throughout the day, the real-time reactive scheduling framework (cf. Section 5.2) should be utilised to ensure schedule feasibility is maintained. At the end of each week, the data should be updated and a new MSS-SCA produced to provide OT plans of the upcoming weeks.
Given the requirements of real-time rescheduling, it would be necessary to integrate the software with current hospital IT systems. It is recommended that data from upstream wards (e.g. the emergency department, intensive care unit (ICU), and surgical care unit) is provided in real-time to the scheduling software. As the reactive rescheduling framework is implemented, data updates should be provided to downstream wards (e.g. PACU, and ICU).
The current waiting list information system must be accessible from the scheduling software and vice-versa. It is also worth considering integrated implementation of the proposed software with the hospital's bed management software.
At present, it is necessary for planning staff to estimate model parameters and distributions.
Planning staff should consider generating a set of real-life based instances to use for the tuning of disruption-reaction probabilities. In future, it may be worth incorporating a real-time approach to the estimation of model parameters. This may result in better prediction of surgical duration based on factors including specialty, consultant, urgency category, and days waiting.
This would also enable real-time updates of parameter estimates, ensuring that the software remains up-to-date with minimal human intervention.
Conclusion
In this paper, the real-time reactive SCSP was considered, with the objective of maximising OT utilisation during standard opening hours. A MIP formulation was provided for the reactive SCSP (Section 4) based on a case study of a large Australian public hospital (Section 3). Due to the complexity of the reactive SCSP, a number of reactive strategies were presented (Section 5.2) that, whilst aimed at the specific instance of OT scheduling, are applicable to a wide range of machine scheduling problems under uncertainty. Constructive heuristics were provided for both the modified block scheduling policy (Section 5.1.1) and the open scheduling policy (Section 5.1.2).
Whilst reactive rescheduling has been applied to the OT department previously, the consideration of multiple non-identical ORs, surgeon availability and suitability, and long waiting lists is novel (cf. Section 2). Additionally, we considered the inclusion of additional elective patients, in-line with the case study hospital. The solution approach is innovative due to its interactive nature. Through this interactive approach, planning and scheduling staff are required to determine appropriate distributions, produce a MSS and SCA, and use this information in the production of SCSs. The SCSs can be reactively rescheduled, whilst maintaining a feedback loop with the MSS-SCA solver.
Computational experiments (Section 6) were performed using realistic instances based on a case study of a large Australian public hospital. Results indicate that the reactive rescheduling strategies proposed in this paper can be used to maintain schedule feasibility in response to a wide variety of disruptions. The real-time reactive scheduling strategy produces schedules within an ideal range of OT utilization whilst reducing the average time-to-surgery of nonelective patients and increasing the average OT throughput in terms of number of patients.
A number of recommendations were made regarding implementation of the real-time reactive SCSP (cf. Section 7), enabling OT planning and scheduling staff to utilise both the reactive SCSP model (Section 4) and solution methodology (Section 5). These recommendations included the integration with hospital software, the determination of model parameters and distributions, and consideration of both upstream and downstream wards.
